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The small or zero cosmological constant, , probably results from a macroscopic cancellation mech-
anism of the zero-point energies. However, nearby horizon surfaces any macroscopic mechanism
is expected to result in imperfect cancellations. A phenomenological description is given for the
residual variable cosmological constant. In the static, spherically symmetric case it produces ap-
proximate black holes. The model describes the case of exponential decay by 2 ln  = −3a, were a
is a positive constant.
PACS numbers: 04.70.-s
The modern saga of the cosmological constant prob-
lem concerns the divergence of the zero-point energies [1].
A particularly compelling mechanism for cancellation of
the resulting cosmological constant has been proposed
by Coleman in the Euclidean path integral approach [2].
Coleman’s analysis suggests a zero expectation value of
the cosmological constant by integration over thin but
extended wormholes. However, a horizon surface is ex-
pected to perturb any macroscopic cancellation mecha-
nism. Thus, in Coleman’s picture one expects a horizon
surface to de-activate wormholes which (would tend to)
penetrate the horizon surface, so that a nite cosmolog-
ical constant must reappear in its vicinity. Stated more
generally, horizon surfaces will introduce a variable cos-
mological constant. In this Letter, a phenomenological
approach is described to illustrate this scenario, using a
self-consistent classical description of a variable cosmo-
logical constant.
A space-time with nite cosmological constant, ,
lled with a fluid with stress-energy tensor, T, gives
rise to the equations of motion
G = −g + T : (1)
We shall look for time-independent, spherically symmet-
ric solutions in the Schwarzschild line-element
ds2 = edr2 + r2(d2 + sin2 d2)− edt2: (2)
A spherical region with nite  must be suitably closed
by a shell with positive hoop stress to sustain the negative
(radial) pressure inside. The shell also resides in a deep
gravitational potential well, and therefore is expected to
accumulate radiation and particles. If the particles inter-
act infrequently (relative to the orbital time-scale), the
stress tensor will develop an anisotropic pressure dom-
inated by random orbital motion. In the limit of zero
radial pressure of the fluid, the total stress-energy tensor
becomes
T = −g + Pk + (E + P )uu ; (3)
where u = (0; 0; 0; e−=2) is the the average velocity
four-vector of the particles,
k = g − (@
γ@γ)
−1@@ (4)
is a projection tensor, E is the energy density of the fluid
and P is its two-dimensional pressure. Hence, we have
T  = −diag(;M;M; +E); (5)
were we have set M =  − P . It may be seen that
the quantities ; E and P are scalars. The equations of








At this point, a detailed description of the fluid is needed
to proceed, subject to the weak energy condition
inf T
 =  +E  0; (7)
were the inmum is taken over all time-like vectors  .
Clearly, (7) allows for the fluid to consist not only of
particles (Ep > 0), but also of negative mass holes (Eh <
0) in regions with  > 0. Thus, coexistence of particles
and holes makes it possible to have positive hoop stress,
even with E = 0.
We will look for Schwarzschild solutions which join to
space-time with a variable cosmological constant in the







; e  1− 0r
2
3 ; E; P  0; (8)
were 0 is the value of the cosmological constant at the



















These may be written as
1
r0 = −1 + e(1− r2);
r0 = 1− e(1− r2[ + E]):
(10)
Whenever  = E = P = 0 beyond some r = r0, (10)
shows that the Schwarzschild solution follows, though
perhaps with a rescaling of the time coordinate (in case
of  +  6= 0) to maintain the familiar relationship
−gttgrr = 1. Clearly, the simplest case follows with
E = 0, which is allowed in our particle-hole model if any
gravitational separation of particles and holes can be ne-
glected on the scale of variation in . (E:g:, assuming a
short time of equilibration between them.)
The simplest case, therefore, is given by a constitutive
relation only for the anisotropy, P , in the pressure. The
regularity condition of P at the origin, P = O(r2) for





were F () is a continuous function of . For example,





giving a reduction of (6) to
0 = −are: (13)
Equation (13) shows a positioning of a transition layer in
 at large e, i:e:, at a surface of large redshift. In the
case of  = 1, the covariant generalization of (13) is
2 ln  = −3a: (14)
A solution is illustrated in Figure 1. With 0 <  < 1, the
distinguishing feature arises of  vanishing at nite r, as
illustrated in Figure 2. The covariant generalization of
(11) for  6= 1 is given by
2(1−) = −3a(1− ); (15)
for  > 1, (r) decays algebraically in the far eld limit.

















Figure 1. Distributions of the metric quantities ,  and
 as a function of radius in the case of F = 2a ( = 1) for
a = 0:5; 1 and  = 5 at the origin. Note the high redshift in
the transition layer of . Outside of this layer, the cosmolog-
ical constant is exponentially small, so that its space-time is
essentially the exterior Schwarzschild solution. Inside of this
layer, the cosmological constant is nearly constant.

















Figure 2. Distributions of the metric quantities ,  and 
as a function of radius in the case of F = 2a0:5 ( = 0:5)
for a = 1; 2 and  = 5 at the origin. Note the sharpness of
the transition layer compared to the case of F = 2a with
the same a = 1, and the bifurcation point at which  van-
ishes identically, which is slightly beyond the surface of high
redshift.
It is an open question whether (15) preserves non-
negativity of (1−) (focusing on positive , or 1−  6=
p=q; q odd) in dynamical space-times. Stated dierently,
the behavior of the surface of bifurcation (at which  be-
comes zero) is at this point unclear in dynamical space-
times. Therefore, some preference may be given to  = 1
and (14). Furthermore, any terms on the right hand-side
of (14-15) which vanish for E = 0 have been suppressed.
The existence of solutions can be made rigorous using
the transformation e = (1 − r
2
3 )
−1. In the layer in
which e becomes large, 0 < r
2
3 < 1. By (10),  =
 + 13r
0. Since  is bounded and 0    0, 0 is












) = −ar: (16)
Hence,
r00e− = −ar +O(e−); (17)
and r00e− is bounded. If r
2
3 approaches 1 as r in-
creases, while    > 0, a singularity develops in 00,
and 0 becomes (at least) logarithmically singular, con-
trary to its boundedness. It follows that r
2
3 ! 1 can not
2
happen, and hence e remains nite with a global solu-
tion. If, alternatively,  approaches zero with increasing
r, then  is decreasing for e > 1; again a global solution
follows. This also shows that the only restriction on  is
that it be positive.
The fully covariant stress-energy tensor is
T = S +Euu; (18)
were




with h = g +uu: The energy E has been included
for consistency in view of the normalization u2 = −1, so




 = 0 (20)
can be satised with the three degrees of freedom in u
plus the one degree of freedom in E. As we have seen, E
will depart from zero only in genuinely dynamical space-










expresses the evolution of E.
The solutions presented here feature surfaces of arbi-
trarily high redshift, outside of which space-time is (es-
sentially) that of general relativity. These solutions are
related to the earlier solution of van Putten [6], which
were considered as approximate black holes for numeri-
cal regularization. Spherically symmetric static solutions
with surfaces of arbitrarily high redshift have recently
also been described by ‘t Hooft [7,8], in an entirely dif-
ferent context. These two solutions are both hampered
by naked singularities at the origin (though of dier-
ent kinds), and furthermore, the solution of [6] has been
found to be unstable in numerical experiments [5]. The
solutions presented here are an improvement in that they
are free of any singularities. Their stability (or any pos-
sible instabilities), however, remains to be ascertained.
In regards to the application to numerical relativity,
note that the stress-energy tensor remains continuously
dierentiable everywhere, while it does have a disconti-
nuity in its second derivative if 0 <  < 1. In the context
of numerical relativity, this obtains proper source term in
the hyperbolic formulation in nonlinear wave equations




γ ;r!γ ]ab = 16ab; (23)
were !ab are the tetrad connections of the tetrad ele-
ments (ea) (here, Latin indices refer to the tetrad in-
dices and Greek indices refer to the coordinates). The
source term ab = γ(ea)
(eb)
γ , is given by γ =
r[Tγ] −
1
2g[γr]T; were T = T
γ
γ is the trace of the
stress-energy tensor. The equations in the exterior vac-
uum, therefore, are 2^!ab−[!γ ;r!γ ]ab = 0: These have
been given a second-order numerical implementation in
one dimension [4]. In the case of 0 <  < 1, ab in (23)
is at most discontinuous, due to second derivatives of ;
for   1, there are no discontinuities.
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